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$\Sigma_{g}$ $g(\geq 0)$ $G$ $\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}"(\Sigma_{g})$ $\Sigma_{g}$
$\tau:Garrow \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}^{+}(\Sigma_{g})$
$G$ $\Sigma_{g}$ $\tau$ $\Sigma_{g}$ $G-$
$G$ $G-$ $\Sigma_{g}$
{ $g|\Sigma_{g}$ $G-$ }
Kulkarni ( 2 )
$G$ stable genus increment
$n_{0}(G)$ (1) , (2) :
(1) $\Sigma_{g}$ (g\geq 2) $G-$ g\equiv l(modn0(G))
(2) { $g|\Sigma_{g}$ $G-$ } $\{g(\geq 2)|g\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} n_{0}(G))\}$
Kulkami { $g|\Sigma_{g}$ $G-$ } $g$
$\Sigma_{g}$ “ ” $G-$
$G-$ $q-$ :
$\Sigma_{g}$ 2 $G-$
$\tau_{1},\tau_{2}$ : $Garrow \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}^{+}(\Sigma_{g})$
$q-$ $\Sigma_{g}/\tau_{1}(G)$ $\Sigma_{g}/\tau_{2}(G)$ orbifold
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$G$ $\Sigma_{g}$ $G$-. $\tau:Garrow \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}^{+}(\Sigma_{g})$
r $G$ torsion free kemel $\Gamma$
:
$\Gamma=\{c_{1},\ldots$ , $c$,, $a_{1}$ , $b_{1},\ldots$ , $a_{h}$ , $b_{h} \}_{1}^{m_{1}}=\cdots=c^{m},’=1,\acute{\prod_{i=1}}c_{i}\prod_{j=1}^{h}[a_{j},b_{j}]=1\}$
$\sigma:=(h;m_{1},\ldots,m,)$ \Gamma signature $\Gamma$ $\Gamma(\sigma)$
$O(G)$ $G$ nonhivial $O(G)=\{n_{1},\ldots,n_{r}\}$





$\sigma_{0}=(1;-)_{\text{ }}\sigma_{1}=(0;n_{1})_{\text{ }}\ldots\text{ }\sigma_{r}=(0;n_{r})$.
$\Sigma(O)$ $\sigma=(h;m_{1},\ldots,m,)$ $r+1$ $(a_{0},a_{1},\ldots,a_{r})$
$\sigma=a_{0}\sigma_{0}+a_{1}\sigma_{1}+\cdots+a_{r}\sigma_{r}$ $(a_{0}=h_{\text{ }}a_{i}=\#\{m_{j}|m_{j}=n_{i}\})$
$\sigma$ ( , $a_{1},\ldots,a_{r}$ )







. $o(G)$ $G$ $n_{0}(G)$ stable genus increment.
$q_{0}= \frac{o(G)}{n_{0}(G)}$ $q_{i}= \frac{o(G)}{2n_{0}(G)}(1-\frac{1}{n_{i}})$ $(i=1,\ldots,r)$ .
- $\sum\mu(\hat{0},\sigma)x_{0}^{a_{0}}x_{1}^{a_{1}}\cdots x_{r}^{a}$ ’
(II) $\Phi_{\Sigma(G)}(x_{0},x_{1},\ldots,x_{r})=$ $\sigma=(a_{0}\ldots.,a_{r}\rangle\in X$
$\prod_{i=0}^{r}(1-x_{i}^{2})$






$q_{0},\ldots,q_{r}$ Riemann-Hurwitz $q_{G}(z)$ $z$
\S 4. (II)
(II) 3
$\Sigma(O)$ $(a_{0},\ldots,a_{r}),(b_{0},\ldots,b_{r})$ $\mathrm{b}\mathrm{i}\mathrm{n}\mathrm{a}\iota \mathrm{y}$ ordering $f\leq_{f}$
:
$(a_{0},\ldots,a_{r})\leq_{p}(b_{0},\ldots,b_{r})\Leftrightarrow a_{i}\leq b_{i}\mathrm{d}\mathrm{e}\mathrm{f},$
$a_{i}\equiv b_{i}(\mathrm{m}\mathrm{o}\mathrm{d} 2)$ $(i=0,\ldots,r)$
$\Sigma(O)$ binary ordering $\leq_{p}$
1 $K$ $\Sigma(O)$ $K$ $\leq_{B}$
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2 $X$ $\Sigma\ovalbox{\tt\small REJECT}$) join-closed $K\ovalbox{\tt\small REJECT}$ . $C$
$6X$
$0$
$C_{\sigma}=\{\tau\in\Sigma(O\lambda\sigma\leq_{\iota}\tau\}$ ( $C_{\sigma}$ $\sigma$ cone ) $\text{ }$ .
$\Phi_{K}=-\sum_{\sigma\epsilon X}\mu(\hat{0},\sigma)\Phi_{C_{\sigma}}$
( $\Phi_{K^{\text{ }}}\Phi_{C_{\sigma}}$ $(^{*})$ $\Sigma(G)$ $K_{\text{ }}C_{\sigma}$ $X$ $\dot{\mathrm{a}}\mathrm{j}\mathrm{o}\mathrm{i}\mathrm{n}$-closed
$X$ 2 $\sigma_{\text{ }}\tau$ $\sigma \mathrm{v}\tau$ (i.e. $\{\rho\in\Sigma(O\gamma\sigma\leq_{f}\rho,\tau\leq_{f}\rho\}$
) $X$ )
3(1) $\sigma\in\Sigma(G)$ C\sigma \subset \Sigma (G) ( $\Sigma(G)$
closed under cones ) (2) $\sigma=(a_{0},a_{1},\ldots,a_{r})\in\Sigma(G)$
$\Phi_{C_{\sigma}}(x_{0},x_{1},\ldots,x,)=\frac{x_{0}^{a_{0}}x_{1}^{a_{1}}\cdots x_{r}^{a,}}{\prod_{i=0}^{r}(1-x_{i}^{2})}$
2 $\leq_{s}$ $\leq$ $\hat{0}<\varpi(\forall\varpi\in\Sigma(O))$ $\hat{0}$
$C_{\hat{0}}:=K\cup\langle\hat{0}$} $C_{\sigma}’=C_{\sigma}$ -
$\bigcup_{\rho\epsilon X,\sigma<\rho}C_{\rho}(\sigma\in\hat{X}.\cdot=X\cup\{\hat{0}\})$












$\hslash\grave{\grave{[searrow]}}\acute{\uparrow}_{\mathrm{P}\supset}^{\mathrm{B}}\iota^{-}\mathrm{n}o_{0}$ $\overline{\simeq}iarrow \mathrm{E}^{\mathrm{B}}\mathrm{f}\mathrm{l}\mathbb{R}_{\backslash }$
3 $\sigma=(a_{0},a_{1},\ldots,a_{r})\in\Sigma(G)$
$C_{\sigma}=\{(b_{0},b_{1},\ldots,b_{r})\in\Sigma(O)|a_{i}\leq b_{i}, a_{i}\equiv b_{i}(\mathrm{m}\mathrm{o}\mathrm{d} 2)(i=0,\ldots,r)\}$
(1) $\sigma\in\Sigma(G)$ $d:=\sigma+2\sigma_{l}(l=0,\ldots,r)\mathrm{B}^{*}\backslash \Sigma(G)$
$(\sigma_{0}=(1;-),\sigma_{1}=(0;n_{1}),\ldots$ , \sigma r=(0;nr) )
$\phi:\Gamma(\sigma)arrow G$ torsion free kernel .
$\Gamma(\sigma)=\{c_{1},\ldots,c,,a_{1},b_{1},\ldots,a_{h},b_{h}|c_{i}^{m_{i}}=1,\prod_{i=1}’c_{i}\prod_{j=1}^{h}[a_{j},b_{j}]=1\}$
$\Gamma(d)=\{c_{1},\ldots,c_{t},a_{1},b_{1},\ldots,a_{h},b_{h},a_{h+1},b_{h+1},a_{h+2},b_{h+2}|c_{i}^{m_{j}}=1,\prod_{i=1}’c_{i}\prod_{j=1}^{h+2}[a_{j},b_{j}]=1\}$ ( $l=0$ )
$\Gamma(d)=\langle c_{1},\ldots$ , $c_{t}$ , $c_{t+1}$ , $c_{t+2}$ , $a_{1}$ , $b_{1},\ldots$ , $a_{h}$ , $b_{h}|c_{i}^{m_{i}}=c_{+1}^{n_{l}},=c_{t+2}^{n_{l}}=1, \prod_{i=1}^{\prime+2}c_{i}\prod_{j=1}^{h}[a_{j},b_{j}]=1\}$ ( $l>0$ )
$\psi:\Gamma(d)arrow G$ :
$l=0$ $\phi’|_{\Gamma(\sigma)}=\phi\text{ }\phi’(a_{h+1})=\phi’(b_{h+1})=\phi’(a_{h+2})=\phi’$ (bh+2)=1
$l>0$ $\phi’|_{\Gamma(\sigma)}=\phi\text{ }$ $\phi’(c_{+1},)=s_{\text{ }}\psi(c_{+2},)=s^{-1}$ $s$ $G$ $n_{l}$
$\phi’$ : $\Gamma(\sigma’)arrow G$ torsion free kernel
$d=\sigma+2\sigma_{l}\in\Sigma(G)(l=0,\ldots,r)$ $\Sigma(G)$ closed under
cones
(2) $\sigma=(a_{0},a_{1},\ldots,a_{r})\in\Sigma(G)$ C\sigma {







$X:=$ { $\rho_{i_{1}}\vee\rho_{i_{2}}\vee\ldots\vee\rho_{i_{*}}|\{\rho_{i_{1}},\rho_{i_{2}},\ldots,\rho_{i}.\}|\mathrm{h}\{\rho_{1},\ldots,\rho_{m}\}$ }
$X$ join-closed $X$ 2
$\Sigma(G)=\cup C_{\sigma}\sigma\epsilon X$
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Mo..bius ([3, p. 116]) locally finite $\Sigma$ Mo..bius $\mu$ :Int(\Sigma )\rightarrow Z
$\mu(x,x)=1$ for all $x\in\Sigma$
$\mu(x,y)=-\sum_{x\leq z<y}\mu(x,z)$ for $x<y$ in $\Sigma$
$\mu(x,y)$ Int(\Sigma ) $\Sigma$ $[x,y](=1z\in\Sigma|x\leq z\leq y\})$
( ) $\text{ }\mu([x,y])$ $\mu(x,y)$
$\Sigma$ locally finite [$x$,yl
Mo..bius ([3, p. 116]) $\Sigma$ cone $C_{X}(=[y\in\Sigma|X\leq y\})$
$f_{\text{ }}g$
$\Sigma$





$G$ $d$ $\delta$ $d$ $G_{p}$ $G$ pSylow $G_{p}$
$p_{\text{ }^{}n_{p}}G$ p- $p^{e_{p}}$ ( $G_{p}$ $p^{e,}$ )
[ $p\in\delta$ [
$f_{p}=\{\begin{array}{l}n_{p}-e_{p}p\hslash^{\theta}[searrow]_{\mathrm{p}}\Leftrightarrow\ovalbox{\tt\small REJECT}_{\backslash }\Re\ovalbox{\tt\small REJECT}\Gamma_{arrow}^{-}\mathrm{Y}\mathrm{J}p=2\text{ } n_{2}=e_{2}\text{ }n_{2}-e_{2}-1p=2\hslash\backslash \circ n_{2}>e_{2}\emptyset\geq\not\equiv\end{array}$
$N= \prod_{p\epsilon\delta}p^{f_{p}}$
$G$ I (1) $G$ $2\mathrm{S}\mathrm{y}\mathrm{l}\mathrm{o}\mathrm{w}$ $G_{2}$
(2) $\{x\in G_{2}||x|<2^{e_{2}}\}$ ( $|x|$ $X$ ) $G_{2}$ 2
$G$ $\mathrm{I}$
$G$ $G_{2}$
$\varphi:G_{2}arrow \mathrm{Z}_{2}=\{0,1\}$ : $\varphi^{-1}(1)$ $2^{e_{2}}$ $\varphi^{-1}(0)$
$2^{e_{2}}$
$G$
$S=\{\begin{array}{l}\{g|g\geq 2,g\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d}N)\}\{g|g\geq 2,g\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d}2N)\}\end{array}$
$G\mathrm{B}\grave{\grave{\backslash }}\text{ }\triangleleft’\text{ }\mathrm{I}\mathrm{I}\text{ }G\mathrm{B}\backslash ^{\backslash }\text{ }\backslash \triangleleft’\text{ }\mathrm{I}\text{ }$
(a) $g(\geq 2)$ $\Sigma_{g}$ G- $g\in S_{\text{ }}$
(b) $g$ g\in S $\Sigma_{g}$ G-
$\Sigma_{g}$ G- $G$ $g\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} N)$
$\Sigma_{g}$ G- $G$
$g\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 2N)$
$G$ $p$ $\Sigma_{g}$ $G$ - $p^{j}$






$p$ (*) $p^{n,-e,}$ $2-2g$ $p^{n,-e,}=p^{f}$’
$g\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} p^{f}’)$ o
. $p=2$ $>e_{2}$ (*) $2^{n_{2}-e}\underline’$ $2-2g$ $2^{n_{2}-e_{2}}=2^{f_{2}+1}$
g\equiv l(mod2f2)
$=2$ $n_{2}=e_{2}$ (*) $a_{n_{2}}$
(*) 2
$1-g=2^{n_{2}}(1-h)- \sum_{j=1}^{n_{2}-1}(2^{j}-1)2^{n_{2}-j-1}a_{j}-(2^{n_{2}}-1)\frac{a_{n_{2}}}{2}$
g\equiv l(mod2n2-e2) g\equiv l(mod2f2)
$G$ $p\in\delta$ $G_{p}$ $G$ pSylow




$G$ $g\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 2N)$ $G$
$G_{2}$ $N$ $p^{f}$’ $G_{p}$ $G$ $\mathrm{I}\mathrm{I}$ 2
$g\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 2^{f_{2}+1})$ $G$ 2







$\varphi_{\ovalbox{\tt\small REJECT}}\mathrm{q}arrow \mathrm{Z}_{2}\ovalbox{\tt\small REJECT}\{0,1\}$
$a$
$e_{2}$
$\varphi(\prod_{i=1}^{h}[u_{i},v_{i}]\prod_{j=1}^{e_{2}}\prod_{k=1}^{a_{j}}x_{j,k})\neq 0$ $g\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 2^{f_{2}+1})$
(a)




$(h,a_{n}(n\in\Delta))$ ( $h$,an) Fuchs
$\Gamma=\{u_{1},v_{1},\ldots$ , $u_{h}$ , $v_{h}$ , $X_{q_{1}.1},\ldots$ , $X_{q_{1},a_{q1}},\ldots$ , $X_{q_{m},1},\ldots$ , $x_{q_{m}.a_{q_{m}}}| \prod_{i=1}^{h}[u_{i},v_{i}]\prod_{j=1}^{\prime\hslash}\prod_{k=1}^{a_{lj}}x_{q_{j},k}=x_{q_{j},k}^{q_{j}}=1\}$
$G$ torsion free kernel
$g\in S$ $(^{**})$ $(h,a_{n})$
$(^{**})$
$\sum_{n\epsilon\Delta}(n-1)\frac{d}{n}a_{n}+2dh=2(g-1)+2d$ $(^{***})$
$(^{**}’)$ $h,a_{n}$ $=e_{2}$ N






$g$ $g\in S$ ( $(^{**}’)$ $(h,a_{n})$






&\not\in \emptyset $o_{0}$ $(\hat{e}_{1},\hat{e}_{2},...,\hat{e}_{2(h-s)-1},\hat{e}_{2(h-s)}[] \mathrm{J}\mathrm{B}\overline{-}\mathrm{B}flO)\ovalbox{\tt\small REJECT}’\mathrm{a}\mathrm{e}rightarrow\tau^{\backslash }\backslash \not\in\emptyset o)$
STEP2 $q_{i}(\in\Delta)$
(i) $a_{q_{i}}$ $\varphi(x_{q_{i}.1}),\ldots,\varphi(x_{q_{i},a_{2i}})$ $\alpha,\alpha^{-1},\alpha,\alpha^{-1},\ldots,\alpha,\alpha^{-1}$
$\alpha(\in G)$ $q_{i}$
( ) $a_{q_{i}}$ $\varphi(x_{q_{i}.1}),\ldots,\varphi(x_{q_{j},a_{4i}})$ $\alpha^{2},\alpha^{-1},\alpha^{-1},\alpha,\alpha^{-1},\alpha,\alpha^{-1},\ldots,\alpha,\alpha^{-1}$
$\alpha(\in G)$ $q_{i}$
STEP3 $q_{i}(\in\Delta)$ 2
(i) $n_{2}=e_{2}$ ( $G_{2}$ )















$\alpha,\alpha^{-1},\alpha,\alpha^{-1},\ldots,\alpha,\alpha^{-1}$ $\alpha(\in G)$ $2^{j}$





$G$ g\equiv l(mod2N) $g\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 2^{n_{2}-e_{2}})$ (**’)
1 $2^{n_{2}-e_{2}+1}$ 1 $2^{n_{2}-e_{2}+1}$
$(n-1) \frac{d}{n}$ : $\{\begin{array}{l}\mathrm{E}\mathrm{A}\check{D}\xi^{\vee}2^{n\underline{,}-e}-’\tau^{\backslash }\backslash -\mathrm{a}\mathrm{l}0\text{ } n=2^{e_{2}}\emptyset\geq\gtrless 2^{n_{2}-e_{2}+1}\tau^{\backslash }\backslash \#\downarrow \mathfrak{o}m\mathrm{n}\epsilon\not\in^{-}\emptyset ffi\emptyset n\in\Delta \text{ }\end{array}$
( ’) $a_{2^{e_{2}}}$
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( i) $n_{2}>e_{2}$ $G$ I
(iii-l) $a_{2^{e_{2}}}$ (i) $\varphi$
(iii-2) $a_{2^{e_{2}}}$ $g\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} N)$ g\not\equiv l(mod2N) (
$g\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 2N)$ (ii)
$a_{2^{e}2}$ ) $\text{ }G_{2}$ $2^{e_{2}}$
$P$ $P$ $G_{2}$ $G/2P$ Abel
$\mathrm{Z}_{2}\cross\cdots\cross \mathrm{Z}_{2}$ $(^{G}/2P$ $G/2P$ 1 2
)
. $P=G_{2}$ $2^{e}\underline’$ $\alpha$ $2^{e_{2}}$ $\beta_{1},\ldots,\beta_{l}$
$\beta_{1},\ldots,\beta_{l}$ $2^{j_{1}},\ldots,2^{j_{l}}(j_{1}<\cdots<j_{l}<e_{2})$
$\varphi(x_{2^{e_{2}},1})=\alpha^{-1}\text{ }\varphi(x_{2^{j_{1}}.1})=\beta_{1},$
$\ldots,$ $\varphi(x_{2^{j_{l}},1})=\beta_{l}$ [ $\varphi$
$\varphi(x_{2^{e_{2}},2}),\ldots,\varphi(x_{2^{\ell},a_{2^{e}2}}2)$ $a_{2^{\ovalbox{\tt\small REJECT}}}-1$ (i) $\varphi$
( $j_{1}<\cdots<$ )
. $P\neq G_{2}$ $G$ I( $G_{2}$ ) [ $G_{2}$ : P]\neq 2
[ $G_{2}$ : P]\geq 4
$G/_{P}2\cong \mathrm{Z}_{2}\cross\cdots\cross \mathrm{Z}_{2}$ ( $\frac{1}{2}[G_{2}$ : $P]$ (\geq 2) )












1 $G$ $p$ ( ) Zp $q_{G}(z)$ ( $[2$ .p.23 p.34]) .
O(G)={p} (G) $=1_{\text{ }}q_{0}=p_{\text{ }}q_{1}= \frac{p-1}{2}$ .
$\Phi_{\mathrm{Z}(G)}(x_{0},x_{1})=\frac{x_{0}}{1-x_{0}}+\frac{x_{1}^{2}}{(1-x_{0})(1-x_{1})}$
$q_{G}(z)-- \frac{z^{p}+z^{p-1}-z^{\frac{3p-1}{2}}}{z^{p-1}(1-z^{p})(1-z^{\frac{p-1}{2}})}$ .
2 $G$ 2 $\mathrm{Z}_{2}$ $q_{G}(z)$ ( $[2$ , p.23 p.341) .
. O(G)={2} (G) $=1_{\text{ }}q_{0}=2_{\text{ }}q_{1}= \frac{1}{2}$
$\Phi_{\mathrm{Z}(G)}(x_{0},x_{1})=\frac{x_{0}}{1-x_{0}}+\frac{x_{1}^{2}}{(1-x_{0})(1-x_{1}^{2})}$ $q_{G}(z)= \frac{1+z-z^{2}}{(1-z^{2})(1-z)}$ .
3 $G$ $2p$ ( ) $D_{p}=\langle x,y|x^{p}=y^{2}=\mathrm{L}y\eta=x^{-1}\rangle$
$q_{G}(z)([2, \mathrm{p}.32])$ .
$O(G)=\{2,p\}$ (G) $=1_{\text{ }}q_{0}=2p_{\text{ }}q_{1}= \frac{p}{2}\text{ }q_{2}=p-1$
$\Phi_{\mathrm{Z}(G)}(x_{0},x_{1},x_{2})=-x_{0}-x_{1}^{2}-\frac{1}{1-x_{2}}+\frac{1}{(1-x_{0})(1-x_{1}^{2})(1-x_{2})}\text{ }$
$q_{G}(z)=z^{1-2p(-z^{2p}-z^{p}-\frac{1}{1-z^{p-1}}+\frac{1}{(1-z^{2p})(1-z^{p})(1-z^{p-1})}\ovalbox{\tt\small REJECT}}$
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